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•Gdi.Ds(DEiH»s somfioir of \!Ehs peoblem oi" the 

By H* Helia*bol& 

Ilie- "basis of the modern propeller theory was a trea- 
tise "by A'i Betz in 1919 on "Screw Propellers with Lllnimum 
Los^ 'oi'; Energy" with an addendum by It Prandtl, which con- 
tained, for the first time, aB approsci^aa.te solution of the 
pr6l!>lem bf the screw propeller with a finite numher of 
blades. " (Beference 1.) The 3etz theory was limited to 
f rictionlesst lightly loaded*propellers> Prandtl?s adden- 
dum showed how the results can he extended to moderatelz/ 
loaded propellers, She -essential points of the Beta theory 
are : . . ., 

I. "The flow behind a propeller with mini'mum loss 
of energy is as if the path traversed by each propeller 
blade (helicar surface) were congealed and driven astern 
with a definite velocity." 

' 11. * "For symriB trical: propeller s the. interference 
velocity at the blade is half as great as that at the cor-^ 
,re spending point of the helical surface far behind the 
propeller ..^^ 

If the number .of blade's is^ infinite,, the helical sur- 
faces, stand so close together that, within the slipstream 
at a finite distance from the margin of 'the helical sur-^ 
faces, there is no radial velocity, and the interference- 
flows are everywhere perp^sndicular to the helical siirfacos. 
The flow is therefore perfect within the slipstream. If 
w denotes the backward velocity of the helical surfaces 
and p their pitch angle at a di stance ^r from the a:cis, 
then the interferenco voloclty w^ = w cos *p, • its arial 
component Wq^ == w cos2 p and its tangential component 
Wj = w cos p sin (The relation between the flight speed 

v> the angular velocity o), the radius r and the pitch 

*"Ueber die GoldsteinsohejjLosung- des Problems'/der Luft- 
schreibe mit endlicher f liigelzahl , Zeitschrift fur S'lug- 
technik xind Motorluf t schlf f ahrt , July 28, ■1931, pp^ 429- 
432. 



angle p i s represented bjr "''taft "p' "=i' t/©^^ circula- 
tion is represented oy the pa.tli integral p t« ds. Tae 
total circulation -about : ^11 tlie z, ilade., seclions. on tjae 
circumference 2 Tt r"*is accordingly zV ^ 2 ft' w^, 
since, the tangential velocity behind the propeller is uni*^ 
formly equal to along the whole clrcumfere^^ and 

the flow in front of t^ie.jpropeiler -can yet have no helix 
angle. According to the theorem o*f Kutta and Joukowsky 
(3?he result can also be obtained by the use of inomentum 
and energy, law.s ) , the proportion of the thrust f alling 
on the- annulus of the propeller-disk area between r* and 
r + dr . is dS- = .Po) r zF dr and the corresponding share 
of - the moment is dM* ^ f P v zP dr-* Hitherto a low flow" 
velocity as compared with the absolute velocity of the 
propeller- blades or,, in othej* W0rds, a low degree of load--- 
ing was -tacitly assumed. When this, *as six mpt ion no. longer' 
applies, the derived . f ormuias ai::e/ vali(3.« ' ; . 

' J. "^a ■ jL ^' .v.- V.:.. .. A 

V + ^ Y ~r — ... 

tan 9 ^ = 

^n " ^ ^5 " w cos2 (pi . wt = w cos, 9 'sii . 

•dS - P Ycor - zr "dr; dM = r 'p fv > ^Ys^r ^ .. 

: \ .2 / . . ' \ id y • . >-r\ 

What is changed in the transition to a finite niumber 
of blad-es, if the quantities v, o). and w remain tanchanged? 
Iven then the interference flows are perpendicular to the 
helical surfaces, if the newly developed radial velocities 
are at first disregarded, so that the last formuias are 
not changed,^ Due to the finite distance between the heli- 
cal surfaces, a circulation about their, edges occurs, and 
radial velocities ase developed in the slipstre6*m# The 
flow is then no loiiger perfect, and the fluid avoids the 
helical surfaces^ If the course of th^ tangentiar veloc- 
ities is now followed on a circiimf0rence 2'tt r behind 
the propelier, it is found that, on. the helical surfaces 
themselves, the same values of w^ exist as for an infl** 
nite number of blades, but that changes have taken place"- 
between them, so that the tangent ial.veloijitie.s are smaller 
near the circxxmf erence and greater, rnear- the,, .center. If . < 
the whole ciTculation i^j then considered, as a path IntG--. 
gral of the velocity at the circumference .2 tt r, we havo 



zF = 2 17 r ' wt == 2 'TF r K 



wliex"*e = K is the mean'- value of the tangeiitial 

locity on the circumf er ende and 1$ the cqrtaspoaadlng.'- 
mean-value factor with respect'- to the value' on the 

helical stirfaces* Aocording to the alcove, this is small- 
er than unity near the htade tipgca&d greater than unity 
near the axis of rotatloriV Ihls **Sei:iav^ of the mean'- 
value factor or of the tangential velocity can "be ex-- 
plained as f olloWs» With ,an infinite numlDer of blades 
' the ■ circulation increases toward the" tips and then fails 
ahrtiptly to zero at the" tips. This is not possihle with 
a finite numher of blades, because the pressure differ- 
eiice between the pressure and suction side can then be 
elirainated around the blade tips, with a more gradus.l fall 
of the circulation to zero" at' the tips. With an infinite 
number of blades, the fluid behaves, near the axis, like 
a rotating solid body, due to the perfect flow but, with 
a finite number of blades, it has more freedom of motion 
between the helical surfaces and leads somewhat in the an- 
gle between two successive helical surfaces* This is dxie 
to the fact that, in this angle, the suction side : of the > 
leading propeller blade Is followed by the pressu.re side 
of the next blade, and the pressure drop between the. buo- 
cessive propeller blades forces the fluid again in the 
direction of rotation,* 

The expressions for thrust and torque can now be 
written: " • 



dS .== P foDr - K w^. 2 rr r dr 
dM := r P ( V + ~j K wt 2 TT r dr. 



^Another consideration yields a somewhat stronger argu--- 
ment. The flow between the helical surfaces must be free , 
frorn rotation, so that, for aii observer carried along with 
thB helical surfaces, any fluid particle in the angle be- 
tween, two successive helical surfaces, mist have an oppo^ 
site- rotation* From this there follows, for the vicinity 
of the axis, the streamline form shown in ?igure 1, which 
represents, in the direction of the circtxmf er enco , an ad-- 
vance of the fluid with respect to the helical surfacosV 
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Th^ task is jaaw .to deterinlne tlae aean-* value factor k , 
The Pranatl considerations are limited to tiie study of the 
K near the "blade tips. The approximate solution is all 
the "better-, the closer the helipa.l surfaces succeed one 
another i l.e«, the smaller the ra^tp pf .their perpiendlGU-^ 
lar distanpe on the margin to .the circumference " 



. H, cog Pa ; X 



where ^ X - tan == ™^ the pitch angle of the propeller, 
?Qr a piore heavily loaded' propeller we write 



. . z 2 TT R • ' z y 1 + hf 

v;ith the pitch angle 

h r= tan cp£ === 

Prandtl * s formula now reads: 

r\ 



2 - 
0) R * 



K = a arc cos e ^ with- X « E ZEJIg 

TT ^ 2 h 

In Figure 2, K is plotted against X (X ^ ^\ 

\ R/ 

Til. Troller found that this formula generally yielded a 
close approximation, even in cases where the conditions of 
theorem I were no longer fulfilled, i.e., where the veloc- 
ity w is no longer independent of the radius r (refer-- 
ence 3) , thus demonstrating the feasibility of the f orraula 

At the suggestion of Professor Betz, the prohlem was 
recently attacked "by the Englishman, S, Goldstein and 
solved in exact form for the important case of a friction^ 
less lightly loaded propeller with minimum loss of energy, 
(Reference 4/) The result i s . lilrewi se plotted in Figure 2* 
Instead of' Prandtl * s ; K curve-, there is" a set of 'cxirv'es 
with h a.nd Z' as; parameter's . However," as shown ^ by ' this 
comparison' of the curves for h = 0,1", z =^2,» and' h =^ 
0«2, z* - 4, the' c ours Q of K- 'prohahly depends chiefly *on 



a parametei? h/g; or Praixdti ^dlutlo 

to TDa foreaeen, represents tli0-^limitil^^ of tlie Sdld^ 

stein solutiojx f or 3a 0 or 55 cp • 

Aside from the mean«-value f actor . K, t.lxe ratio of 
the thrusts with an infinite and with a finite 'numher of 
hlades ^ == ^m/^z izoportant for practical application. 

In comparing the thrusts, the q;uantlties v, -od; w, and B 
are to he regarded as given. Theorem III then applies: 
"A screw propeller with a finite number of blades z and 
\yith the thrust is, for a pitch wangle .X* approxi- 

mately equivalent (with respect to the propeller slip 
^ w/v) to a propeller with an infinite number of 
blades, but somewhat greater thrust ^ C^z*" Accord- 
ing to the above considerations, the ratio of the thrusts 
is calculated simply frdm 

/ K d S 

0 

The conditions of theorem I "yield the function ^ of 1 /X 
represented in Figure 3, This graph was chosen, in order 
to bring the results for z = 2 and z = 4 into conform- 
ity as nearly as possible. For small values of l/X, the 
function can be . approximately represented by 

f==l+|^5^1+4^. 

Knowledge of the propeller slip ^ =• 2^ is necessary for 
calculating the propeller shape. For moderately loaded 
proi)ellers of the Betz type (reference 2), we have 

and approximately 

S 

Giveji are the pitch angle X, the loading Cg = - ■ 

- rr 
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or,, instead of tlais, the perf prma3aG.e Xratit^g _ C]., ^ 

and the fineness ratio €• Jlie quantltiu's 9 and 9' ' are 
functions of tha pltclx angle ii. 



• 9 . = 1. li^ I n (^1 4- 9 ^ 2 9 ^ 



X + IT 



represented in figure. 4. Since the pit cli angle is not 
known 'at first, rf or th-e : calcuiation of 9, 9^ and |;, ii 
is first repXa,oed hy:. .X| the pitch angle 



. h = x. (1 + I) 



is Cc?Jculated with the found d- , and with thi^ an im- 
proved Yaliie of tS^ is found, The method converges quite 
rapidly. The IJlade chord is found from 




4 TT 



■» X b. ^ 



[ 



1 + '^i' (f) j 



1 + 



wnere 



*a ^a *' the- "lift chord," i,e#, the "blade chord 

for the lift coefficient = 1, Figure 5 shows several 

e'caraples of diBtri'bution of the blade chord along the radi- 
us for the case of a lightly loaded propeller (h— »X)# 



For 'oetter comparison, 



^a ^ 1 



was put for two-hlade pro-^ 



pellers, = 0,5 for four-blade propellers and S- = 1 

thror^ghout. For the sake of completeness we will also in-^ 

elude the approximation formula for the propeller efficien- 
cy. (Eeference 2») 



1 2 c h 



+ i 



1 + 
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Fig. 3 Ratio of 

the thrusts 
with infinite and 
with finite nimitier 
of hlades plotted 
against the ratio 
of the perpendicular 
distance of the 
successive helical 
surfaces to the 
pr opell er- di sk 
c ir cunif e r enc e • 

"^Fig. 2 Circulation ■ 
ratio with 
finite and with 
infinite numher of 
"blades ^ ^ zl 

2TTrw^ 
(mean-value factor) 
plotted against the 
relative distance 
E-r/s from the blade 
tip and against the 
ratio of the propel- 
ler-disk circumference 
2ttE to the perpendic-^ 
ular distance of the 
successive helical 
surf aces at the "blade 
tips. 
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pitch aixgle.li = X (1+-|- ) 
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jFig.^ Auxiliary diagram for computing the propeller 
slip. 
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r/R 

Jig. 5 Ixanrples of 'blacLe-chord distribution along 

radius for various "blade chords axid pitch angles. 



